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Abstract 

We study the possibility of obtaining classical and simple mctastable de Sit- 
ter vacua in heterotic string theory compactified on a Calabi-Yau threefold. For 
this, we exploit a known necessary condition on the Kahler potential in A/" = 1- 
supergravity, which we, under the assumption that only moduli fields contribute 
to supersymmetry breaking, express in terms of a tensorial eigenvalue problem for 
the Calabi-Yau triple intersection tensor. For three-dimensional moduli spaces we 
are able to identify the discriminant of the Calabi-Yau intersection tensor in the 
analysis, generalizing a known result for two-dimensional moduli spaces. We also 
discuss explicit examples and possible generalizations. 



1 Introduction 



A major challenge of realistic model building in string theory is the construction of theo- 
ries with supersymmetry breaking metastable de Sitter vacua in their low-energy effective 
supergravity descriptions. Such models are desirable as they provide a simple explanation 
for the accelerated expansion of the universe convincingly suggested by cosmological mea- 
surements. Unfortunately, de Sitter vacua are notoriously difficult to obtain in a string 
theoretic setting. It has been made clear by the formulation of several no-go theorems 
(see for example [1-4]) why naive attempts of obtaining de Sitter models necessarily have 
to fail in many cases. 

A natural possibility is to generate a tiny positive cosmological constant via various 
types of small corrections to a leading-order Minkowski vacuum [5-10]. However, these 
attempts are often facing difficulties controlling higher-order contributions. A promis- 
ing alternative approach is to start with an anti de Sitter vacuum and then 'uplift' this 
vacuum to a de Sitter vacuum by adding additional hard supersymmetry breaking contri- 
butions [11-13]. These additional contributions however often complicate the supergravity 
description of models obtained in this way. 

Despite significant progress in overcoming the difficulties of both the approaches sketched 
above (see for example [14, 15]), it still appears useful - from a model building as well as 
from a conceptual point of view - to study situations where de Sitter vacua arise natu- 
rally at the leading order in the low-energy effective supergravity description. This has 
for example been done for a broad range of type II string models in Ref. [16-19]. A more 
general program to identify and study the main obstacles for the appearance of metastable 
de Sitter vacua has been started in [20]. It has been found that the critical parameter 
is the average mass of the sGoldstinos, which is not allowed to become negative. This 
result directly excludes leading order de Sitter vacua in situations where only the dilaton 
or a single Kahler modulus contributes to supersymmetry breaking, confirming the ear- 
lier result in [21]. The more general case where the moduli space can be factorized into 
one-dimensional submanifolds and thus the Kahler potential is given by 



is also excluded by the same constraint. This analysis has been extended to two contribut- 
ing Kahler moduli, spanning a non-trivial two-dimensional scalar manifold, in the case of 
compactifications of heterotic string theory as well as orientifold compactifications of type 
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lib string theory in [22,23]. The result of the analysis is an explicit topological constraint 
on the Calabi-Yau compactification manifold, which has to be fulfilled for metastable de 
Sitter vacua to exist. The main goal of this paper is to determine how much of this analy- 
sis can be carried over to the more general case where p > 2 Kahler moduli contribute to 
supersymmetry breaking. We only consider the case of heterotic compactifications. Most 
of the corresponding results for orientifold compactifications of type lib string theory can 
be easily obtained by exploiting the duality between these two theories, which in this case 
simply amounts to a sign change of the relevant quantity u defined in Eq. (2.32) (see for 
example the appendix of [24]). 

This paper is organized as follows. In Section 2 we briefiy recall the constraint on the 
Kahler potential in metastable de Sitter Af = 1-supergravity coming from the Goldstino 
multiplet. In the low-energy effective supergravity theory obtained from heterotic string 
theory compactified on a Calabi-Yau threefold, this constraint can be encoded in the 
sign of a homogeneous function called u. Section 3 studies the properties of u and 
reformulates the task of determining its sign as a tensorial eigenvalue problem. This 
formulation is exploited to extend the known result for two-dimensional moduli spaces to 
the three-dimensional situation. We then apply the results of Section 3 to the study of 
three-dimensional examples in Section 4. We conclude in Section 5. 



2 Metastability in supergravity 

We start by briefiy reviewing the strategy developed in [20,22-26] to study the existence of 
metastable vacua with a non-negative cosmological constant in Af = 1-supergravity. We 
assume that vector multiplets do not play a significant role in supersymmetry breaking 
and therefore only consider the chiral multiplets. 

The Lagrangian of n chiral multiplets is completely specified by a single real function 
G of the superfields and their conjugates This function can be decomposed as 
G = + In , with the real Kahler potential K and the holomorphic superpotential 
W. The scalar fields 0* and 0* span a Kahler manifold with metric 

,, = A-_a.a.A- = |^. (2.1) 

The scalar potential is given by 

V = e^ [G'Gi - 3) , (2.2) 
where Gt = diG. The vacuum condition then reads 

(G, + G^V.Gk) + G^^ = 0, (2.3) 
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where Vj denotes the Kahler-covariant derivative. The corresponding mass squared ma- 
trix is given by the vacuum expectation value of the Hessian of the scalar potential: 

Here and in the following we omit the (. . . )-brackets for quantities evaluated at the vac- 
uum. Using Eq. (2.2) and Eq. (2.3), the entries of can be worked out and are given 

by (see [23]) 

V.j = [Gq + V.GfcVjG'^ - R^^^^G'^G^) + [G,- - G,Gj) V (2.5) 
V,j = (2V.G,- + G'ViVjGk) + (ViG, - GiGj) V, (2.6) 

where Rfjmn is the Riemann tensor of the Kahler geometry. For the vacuum to be 
metastable, the mass matrix in Eq. (2.4) has to be positive definite. A necessary condition 
for this to be the case is that the upper-left block Vfj is positive definite. We now consider 
the projection of this block onto the direction of the Goldstino G* = g^^djG in the space of 
chiral fermions to isolate the contribution of the Goldstino multiplet to the mass matrix: 

A := e-^VijG'Gl (2.7) 

This is a positive combination of eigenvalues of V^j and should therefore be positive if 
is a positive definite matrix. Using Eq. (2.5) and Eq. (2.3) to calculate A more explicitly, 
one finds [20] 

A = IgfjG^G'^ — R^j^fiG^G'^ G"^G"' . (2-8) 

The superpotential in string compactifications is usually quite complicated due to all sorts 
of non-perturbative contributions and classical background effects. Thus, we will think 
of the superpotential as generic, which can in principle be tuned to a suitable value. The 
vacuum expectation value of does depend on the superpotential and hence can be 
varied by varying W. The coefficients in A however depend only on the Kahler geometry 
and thus the condition 

max {A} = max {2gi-G'G~^ - Rf^^^G'G'^G'^G''^ > (2.9) 

for the existence of a supersymmetry breaking metastable vacuum does only depend on 
the Kahler potential K and gives a constraint on possible Kahler potentials in viable 
theories. 

The cosmological constant in supergravity theories is given by the vacuum expecta- 
tion value V of the scalar potential. To incorporate the requirement of a non-negative 
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cosmological constant, it is useful to rewrite A as (see again [23]) 



X = -'^e~^V {e-^V + 3) + a (2.10) 



with a 



QijQmn -^ijmn 



QiQjQmQn^ (2.11) 



The sign of a does only depend on the direction of G", not on its length. Assume there 
is a vector such that o"(G*) > 0. By rescaling — ?■ rG* one can always achieve 
\^(rG*) = (i.e. a Minkowski vacuum) at which a{rG^) > and thus A(rG*) is still 
positive. By rescaling r a bit further, one gets V{rG^) > and - if the change in r is 
small enough - A(rG*) > still holds, proving that the condition for the existence of a 
metastable de Sitter vacuum is satisfied. Conversely, if cr < for all directions of G*, A 
can never be made positive as long as V{G'') > holds. In summary: 

V > and A > is possible ^ a > is possible. (2.12) 

Hence, a necessary condition for the existence of metastable de Sitter vacua is completely 
encoded in the sign of a. 

As an example, we briefly sketch the argument given in Ref. [20] to exclude classical 
metastable de Sitter vacua for the Kahler potential in Eq. (1.1). The Riemann tensor in 
this case is completely diagonal and its entries are given by 

where Ri is the scalar curvature of the i-th one-dimensional submanifold, given by 

K ^ K -K^ 2 

^' = la~ -la- = n- ^^-^^^ 

II It ' 

Parameterizing the Goldstino vector G* such that GjG* = 6^, where 6^ are real numbers 
satisfying 6f = 1, we obtain 

^=^-E^^®'- (2.15) 

i 

Extremizing a under the constraint Yli = 1 gives for its maximum 

_ 2 1 _ 2 2 

a^a^-g-^-^-g-^, (2.16) 

which vanishes in the no-scale case ^j^i = 3, thus proving that metastable de Sitter 
vacua do not exist. 
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2.1 Compactifications of heterotic string theory 

We will study compactifications of heterotic string theory on Calabi-Yau manifolds in the 
following. The low-energy limits of these theories are known to give M = 1-supergravity 
models [27] and we can therefore use the constraint described above to restrict their ad- 
missible Kahler potentials. We will assume that only moduli fields participate significantly 
in supersymmetry breaking. This assumption has attracted some phenomenological in- 
terest recently, in particular in type lib models [28,29]. Nonetheless it should eventually 
be dropped to make the analysis more universal. Work in that direction has been done 
in [30] by the addition of matter fields to the analysis. It has been found that the study of 
metastability can (under some assumptions) be decomposed into two 'orthogonal' parts 
and one of these only involves the moduli fields. Thus, the assumption in this paper is 
justified in the sense that the results are directly applicable to a subset of the generalized 
problem. 

The moduli space parameterizing the deformations of the Calabi-Yau manifold Yg is 
divided into deformations of the complex structure and deformations of the Kahler form. 
Locally, the moduli space factorizes as 

McY = M''' X M""' , (2.17) 

where the first factor consists of the Kahler structure deformations and the second one of 
the complex structure deformations. Remarkably, it turns out that both Ai''^ and A4'^'^ 
are itself Kahler manifolds, not only when they are combined to give Mcy [31]- 

We assume that no other moduli contribute significantly to the Goldstino G* or at least 
that all other supersymmetry breaking moduli decouple from the Kahler moduli and they 
can thus be analyzed separately. Note that this is the case for complex structure moduli. 
In addition, as complex structure moduli and Kahler moduli are interchanged by mirror- 
symmetry (see for example [32]), the analysis of both sectors should be identical and thus 
we only consider the Kahler sector in the following. 

The classical volume of the Calabi-Yau manifold Yg is denoted by V. It holds [31] 

V = - [ JAJAJ, (2.18) 

where J is the Kahler (1, l)-form. J is a harmonic form and can therefore be written as 
J = v'^Wi, where Wi, i = 1, . . . , h^'^ is a basis of the if^'^-cohomology group of Yq. In 
string theory compactifications an additional geometric structure arises, a real two-form 
B = b^Wi, which is connected to the metric by supersymmetry. As argued in [oi], natural 
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local coordinates on the moduli space Ai'"^ are given by T* = f * + 16* and the classical 
volume can be written as 

1 r / mi m*\ / ml' ( rpk 



V = -dijk [T + T ) [T'+r) (T'^ + T ) . (2.19) 



The symmetric rank-3 tensor diji^ is defined by 



dijk ■= / WiAWjAWk, (2.20) 
J Ye 

and consists of the (real) Calabi-Yau triple intersection numbers. 

In the large-volume limit, i.e. if the volume of the Calabi-Yau is large compared to the 
string scale, the Kahler potential of Ai''^ is simply given by 

Js: = -logV. (2.21) 

Note that in particular the dimension of the moduli space A4^^ (which we will call p 
throughout this article) is given by the (1, 1)-Betti number of the Calabi-Yau manifold 

p := dim M''' = dim H^'\Yq). (2.22) 

The computation of the Kahler metric and the Riemann tensor can be found in [ .] and 
the result reads 



= e 

Rijmn QijQmn ~l~ QinQmj ^ '^impS' '^dqjn (2.24) 



9^J = -Y + ^ = e'^^ii'^^' + ^^^^ (2-23) 



with 



K' = - (T' + T J (2.25) 

= -^e^rf,,, (r^' + r ) (t'^ + T') . (2.26) 

Note that we dropped the bar above indices referring to derivatives with respect to a 
complex-conjugated quantity. As the Kahler potential only depends on real fields, every 
derivative can be thought of as a derivative w.r.t. a real quantity. 

As can be directly checked using e.g. Eq. (2.25), Eq. (2.26) and Eq. (2.19), the super- 
gravity theory satisfies the no-scale property: 

KiK' = 3. (2.27) 
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In models satisfying the no-scale property it always holds that = 0. It turns out 

to be useful to exploit the specialty of the i^'^-direction by explicitly decomposing the 
Goldstino direction into a part parallel to and a part orthogonal to K^: 

G' = aK' + N\ (2.28) 

Using the no-scale property Eq. (2.27), the projector onto the orthogonal complement of 
is given by 

P'^ = g'^ - -K'KK (2.29) 
3 

The function a defined in Eq. (2.11) can be decomposed into a negative-semidefinite part 
and a part which only involves the orthogonal direction iV* (in fact this also works in a 
much broader class of models, see for example [2:-!] for the general discussion): 

a = -2sis' + uj, (2.30) 



where s* and u are given by 



V{K') > 0, 

gm > 0, 

max uj(K\ N') > 0, 

N\N^Ki=0 



(2.33) 
(2.34) 
(2.35) 



= aN' + aN' - P'^ djmnN'^N" (2.31) 

^ = (^-l9^J9n.n + \g^m9,n + ^e^^'^.^pP^^ + e^"" d.^^P^^ d,,^ N'W N^JT . (2.32) 

The term — 2siS* is always non-positive and thus a necessary condition for the positivity 
of cr is the positivity of u. The computation and analysis of u is the main goal of this 
study. It can be shown (see [33]) that the positivity of u and the positivity of a are 
actually equivalent conditions in this case, at least for p = 2- and p = 3-dimensional 
moduli spaces. 

Physically acceptable points = — ^T* -|- T*^ on the moduli space have to satisfy 
three conditions: 



where the first condition states the positivity of the volume of the Calabi-Yau threefold 
Yq, the second ensures the positivity of the kinetic energy of the moduli fields (which is also 
connected to the positivity of the spacetime metric of the compactified dimensions) and 
the third condition is the metastability condition. Note that Eq. (2.34) and Eq. (2.35) 
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are invariant under — )■ —K^ while Eq. (2.33) changes its sign. Thus, to determine 
the physically acceptable regions of the moduli space, it is sufficient to only solve Eq. 
(2.34) and Eq. (2.35) and then swap the overall orientation of K'^ if necessary to also 
solve Eq. (2.33). Note also that one eigenvalue of gij is always positive due to Eq. (2.27) 
and hence gij is positive definite if and only if gijul/ni^ > for an orthogonal basis 
n^, a = 1, . . . , p — 1, of the orthogonal complement of K^. This gives p — 1 constraints 
and together with Eq. (2.35) there is a total of p conditions to be satisfied. We will in the 
following assume that the points satisfying g > have already been identified and only 
study the additional constraint coming from a; > 0. 

3 Metastability analysis of heterotic compactifications 

To check if u can be positive for a suitable Goldstino direction = aK'^ + A^*, its global 
maximum as a function of the orthogonal direction iV* has to be determined. Since u is 
a homogeneous function of A^*, we can assume that A^* is normalized: N^Ni = 1. 

To proceed, we fix an arbitrary real orthonormal basis of the subspace orthogonal to 
K\ i.e. a set of p — 1 vectors satisfying 



In terms of these basis vectors, the projector P^^ onto the orthogonal complement of 
can be written as 



Kiu'^ = 0, n^iu'ij = 6af}, K = K for a, /3 = 1, . . . , p - 1. 



(3.1) 




(3.2) 



a=l 



A general unit vector A^* orthogonal to can be parameterized as 



p-1 




(3.3) 



a=l 



with real phases (pa and real Cq, satisfying 



p-1 




(3.4) 



a=l 
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With Eq. (3.2) and Eq. (3.3) u in Eq. (2.32) can be written as 

2 / \ 2 



4 1 

w = h - 

3 3 



E 



^2 21^. 



a/3 



(3.5) 



where we defined the symmetric rank 3 tensor 
and used the abbreviation ipp^ := ipp — ips- 



(3.6) 



We will in the following assume that A^* is real, i.e. that all complex phases pa vanish. 
This assumption is fully justified for p < 4: For p = 2, only a global phase is present in 
u, which drops out immediately. For p = 3, it can be verified (see appendix A) that it is 
safe to set the complex phases pa to zero in the sense that it does not spoil the validity 
of the positivity analysis in this case. With vanishing complex phases, u simplifies to 



p-i 



UJ 



2 2 ^ 



2 

aNN- 



(3.7) 



a/SjSri a=l 

Here and in the following we use an extension of the abbreviation in Eq. (3.6): 



{3.t 



for vectors m*, v"^ and w^, while a subscript a on the left-hand side stands for a contraction 
with n^. 

The vector iV* in Eq. (3.3) can also be parameterized by p — 2 angles -(9^ (e.g. using 
spherical coordinates). = N^{i)i3) can be supplemented with p — 2 additional unit 
vectors N2, . . . , Np_^ such that {A^*, A"^} forms an orthonormal frame orthogonal to K^. 
The projector P^^ in Eq. (3.2) can then be expressed as 



p—i p~i 

a=2 a=l 



(3.9) 
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where we defined Nl = N'^. This amounts to the substitution — )■ A*"^ in Eq. (3.7), i.e. 



+ (3-10) 



2 

a=l 



The derivative of A^^ w.r.t. one of the p — 2 angles parameterizing A^* (and thus all A*"^) is 
again orthogonal to (because does not depend on any of these angles) and we can 
write 



d_ 



d^N' = —N' = ^a^^Ar; (3.11) 
d^N'p = —Nj, = -a^pN' + J2(^aP'yN; for f3>2, (3.12) 

" 7=2 

with some matrix tta^ and tensor aap-y of coefficient functions whose precise form depend 
on the parameterization of A^*. The tensor aai3-y is antisymmetric in its last two indices 
(as can be seen via integration by parts): 

<^q:/37 = —Q-a^p- (3.13) 

Using Eq. (3.11), Eq. (3.12) and Eq. (3.13), a short calculation shows that a critical point 
of oj has to satisfy 

p-i 

DnNNp [^apDNNN + D^n^n^] =0, « = 2, . . . , p - 1. (3.14) 

Consequently, a subset of the critical points of uj is given by the solutions of 

Dnnnp=^. P = 2,...,p-1, (3.15) 

i.e. by the critical points of D^nn (cf- Eq- (3-11)). We denote these critical points by 
j = 1, . . . ,qc and proceed by assuming that the global maximum of u is indeed contained 
in this set of critical points. This assumption can be explicitly verified in the three- 
dimensional case (see Sect. B in the appendix). At the critical points given by Eq. (3.15), 
u reads 

u = -l + ^D%^^. (3.16) 
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3.1 Tensorial eigenvalue formulation 

We will show that solving Eq. (3.15) is equivalent to solving the tensorial eigenvalue 
problem 

e^dijkV^v^ = XhjkV^v^, i = l,...,p, (3.17) 

where 

^ijk = ^ {KiQjk + KjQki + KkQij) . (3.18) 

A nonzero vector is called a tensorial eigenvector of e^dijk if there exists a A G C (the 
corresponding tensorial eigenvalue) such that solves Eq. (3.17). The role of the deter- 
minant in linear (matrix) eigenvalue problems is now played by the discriminant (which is 
therefore sometimes called the hyperdeterminant^) A [dijk], defined as the minimal-degree 
homogeneous polynomial in the tensor components dijk which satisfies 

A [dijk] = 0^3v' ^0: dijkv^v^ = 0. (3.19) 

These properties fix the discriminant uniquely up to a normalization. The normalization 
is typically chosen such that 

A [E,^k] = 1, (3.20) 

where Eijk = SijSjk is the unit tensor. Closed form expressions for the discriminant are 
known for small p (see e.g. Eq. (3.36) for p = 2 and Ref. [ j :] for p = 3). Formulas 
to systematically compute discriminants for larger p can be found in Ref. [35], but the 
resulting expressions are extremely lengthy. 

The discriminant is an invariant of dijk, meaning that under the transformation dijk 
^ijk — dimnU\U'^U\ with some p x p-matrix U the discriminant transforms as 

A [dijk] ^ A = (detf/)i'^'=^^['^-''] A [d^jk] , (3.21) 

where 

degA[d,,k]=p-2'-' (3.22) 

denotes the degree of the discriminant in the tensor entries dijk- Equation (3.19) implies 
that all tensorial eigenvalues are roots of the characteristic polynomial. 

A [e^rf,,fc - Xli.k] = 0. (3.23) 

^This hyperdeterminant should however not be confused with the Cayley hyperdeterminant, which 
usually differs from the discriminant by factors of other invariants. 
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Together with Eq. (3.20) this imphes that up to normahzation the discriminant is equal 
to the product of all tensorial eigenvalues: 

A [U,k] ■ n ^" = ^ [e'^d^jk] , (3.24) 

n=l 

where A = A„ are the solutions of Eq. (3.17). 

We now prove the following statement: If A^* satisfies 

Dnnn = dijkN'N^ N'' extremal, NiK' = 0, N^N' = 1 (3.25) 

then three solutions of the eigenvalue problem 

e'^dijkv'v'' = XIi,kv'v\ (3.26) 

with the right-hand side defined in Eq. (3.18), are given by 

v' = aK' + N\ (3.27) 

where _ -ifA (3.28) 
D + 9A 

Dnnn = 2a(A - 1) (3.29) 

DInn = 4^^^. (3.30) 

Conversely, solutions of the eigenvalue problem of the form f * = aK'^ + A^* give critical 
points of Dnnn satisfying Eq. (3.29). 

Eq. (3.28) and Eq. (3.29) are obtained by plugging the ansatz in Eq. (3.27) into the 
eigenvector equations and multiplying these with and A^* respectively. To prove that 

actually solves the eigenvector problem, we introduce a Lagrange multiplier /i to im- 
plement the constraint NiK^ = and consider the function 

D..„-^I,^N-N'N^ ^ (3.31) 

Extremizing this function is equivalent to extremizing Dnnn under the constraints in Eq. 
(3.25). 



Differentiating with respect to A^* gives 

kjkN^ N'' — NiDnnn — ^'li^'i ft-'iife^v-iv -r 



d ^ ^ N.N^e^'di.kNm'' - NiDnnn - N,N' ^ik^^N^ + ^iNih^^N^N^ 



= 3 [e^di.kN'N'^ - NiDnnn - h.kN^N'^] , (3.32) 
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where in the second hne we used both constraints from Eq. (3.25) and /i = 1, which 
follows from multiplying the first line with KK 

Multiplication of e^dij^v^v^ with an arbitrary vector orthogonal to and use of 
Eq. (3.32), (3.27) and (3.29) gives 



^^^'^ n'Ni {2a + D^nn) ^ n'Ni2aX ^ Xl.jkn'v^v'' , (3.33) 

which proves the claim. 

The converse statement is proven by deducing Eq. (3.32) from Eq. (3.33). 

3.2 p = 2-dimensional moduli spaces 

The two-dimensional case p = 2 has been studied in Ref. [23]. If p = 2, the subspace 
orthogonal to is 1-dimensional and the (up to orientation) only real unit vector or- 
thogonal to is 

The orthogonal part A^* contains no free parameters and no extremization needs to be 
performed, u can be obtained directly by a somewhat tedious calculation. The result is 

^ 9 4^ A[rf^ 

8 det ' ^ ' 

where A [dijk] is a homogeneous polynomial in the intersection numbers defined by the 
formula 

A [dijk] '■= '^lll'^222 + 4(iiii(ii22 + 4(i222C?112 ~ 3(i^;^2'^122 ~ 6(iiii(i222'^112'^122- (3.36) 

This polynomial is the discriminant of the homogeneous polynomial /(x^, x^) = dij^x'^x^x^ . 
Note that the usual definition of the discriminant of a binary cubic includes an additional 
factor of —27. 

In physical regions of the moduli space, det g > has to hold. In these regions, u is 
positive if and only if the discriminant A [dijk] is positive. 

The same result can be found by using the tensorial eigenvalue problem in Eq. (3.26). 
Note that in the p = 2-dimensional case, N^' in Eq. (3.27) is fixed by Eq. (3.34) and 
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together with it spans the whole vector space. Thus, Eq. (3.27), Eq. (3.28) and 
Eq. (3.29) completely specify all tensorial eigenvectors with non-vanishing orthogonal 
component. The eigenvalues are given by the solutions of Eq. (3.30) (where now D^nn = 
Dm) and their product satisfies 

l[X, = l- Dl,, = -u. (3.37) 



i=2 

There is one additional eigenvalue 



Ai = -I (3.38) 



with an eigenvector in A'^-direction: 



e'^d.^uK^K'^ = -2Ki = -h^^^K^ K\ (3.39) 

where we used Eq. (2.26) and the definition of Ujk in Eq. (3.18). Using Eq. (3.24), we 
find 



-u 



3 ^Jl ^ i^ijk 

Using Eq. (3.36) to calculate the discriminant of lijk gives 

4 



AM = ^det/, (3.41) 



which back in Eq. (3.40) reproduces the result in Eq. (3.35). 



3.3 p = 3-dimensional moduli spaces 

We now consider the three-dimensional situation. To simplify the notation, we explicitly 
parameterize by 

N' = cos 1^ n\ + sin 4 (3.42) 

with real orthonormal vectors n\ and as in Eq. (3.1). The real unit vector N2 orthogonal 
to and A^* is then given by 

d 

M' ■=N'2 = -sindnl + cos^n'^ = —N\ (3.43) 
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According to Eq. (3.14), a local extremum of uj has to satisfy 

Dnnm{Dnnn + Dnmm) = 0, (3.44) 

i.e. either 

Dnnm = (3.45) 

or 

Dnnn + Dnmm = (3.46) 

holds. It can be explicitly checked (the argument can be found in Section B in the 
appendix) that the second possibility, which is in fact a linear equation in tan-t}, can be 
discarded in the positivity analysis, as the corresponding critical point is not the global 
maximum of u. Hence, we are left with the task of determining the solutions of 

Dnnm{^) = li-.D^NN = 0, (3.47) 
3 ov 

i.e. finding the critical points of D^N^i^)- This equation is cubic in tant?. Its solutions 
can be determined analytically, though the explicit results unfortunately are not very 
illuminating. The tensorial eigenvalue formulation derived in Section 3.1 however turns 
out to be more suitable for studying the properties of the critical points of u. 



3.3.1 A product formula 

We now exploit the formulation of the maximization problem for u in terms of the tensorial 
eigenvalue problem Eq. (3.26) to obtain the generalization of Eq. (3.35) in the p = 3- 
dimensional case. For this, we explicitly identify all tensorial eigenvalues specified by Eq. 
(3.17). 

As in the two-dimensional case, one eigenvalue is always given by 

Ai = -I (3.48) 



with an eigenvector in i^'^-direction: 

2 
3 

The other eigenvalues are given by the solutions of 



e^'d^.^K^K^ = = --h,,K^K\ (3.49) 



2 _4(1-A)3 
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where -Da? at at is evaluated at one of its three critical points. For every critical point of 
Dnnn, this equation gives three tensorial eigenvalues. If the critical point is real, exactly 
two of them will be complex and the third will be real. In addition, we have Dj^j^jy > | 
and thus a; > if and only if the real eigenvalue is negative. The product of the three 
eigenvalues from the j-th critical point Xsj+i, X3j+2, ^sj+s satisfies 

3 

n^3,+. = l-2^W(^.) = -^(^.) for J = 1,2, 3. (3.51) 

i=l 

The three critical points of D^nn give 9 eigenvalues via Eq. (3.50) and together with 
the one in Eq. (3.48) we found 10 eigenvalues. Thus, the characteristic polynomial in Eq. 
(3.23) is of degree 10. However, the discriminant is of degree 12 in the tensor components 
and we must conclude that the right-hand side lijk is (doubly) degenerated: 

A [lijk] = 0. (3.52) 

This spoils the validity of Eq. (3.24), which we otherwise could have used to derive a 
generalization of Eq. (3.35). To repair this flaw, the eigenvalue problem Eq. (3.17) has to 
be regularized, i.e. we have to replace the tensor on the right-hand side: 

lijk — ^ lijk = ^ijk + £^hjk (3.53) 



such that for e > 



One possibility is 



A [/^.,] ^ 0. (3.54) 



^hjk — Eijk — 6ij6jk- (3.55) 

This substitution deforms the eigenvalues found above only by terms of order e but intro- 
duces two additional eigenvalues. These can be calculated by an expansion in e for the 
eigenvector and the eigenvalue A of the form 

v' = aK' + /3ni + 7^*2, (3.56) 

a = eai + 0{e^), P = + e/S^ + 0{e^), A=^ + C(e°). (3.57) 

e 

Plugging Eq. (3.56) into the eigenvector equations gives for the product of the two new 
eigenvalues 

A2A3 = |A,r = ^^"^'^^"^.)!+/^"r^^"'^' + ^(^")' (3-58) 
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where 



3 = 1 



(3.59) 



Putting everything together and using Eq. (3.24) we finally find 

3 T-rl2 



n 



j=4 



A1A2A3 



A2K 



A [4 



liCi + C2 



2^ -'^-''"^{Dui 
where {}j are the three critical points of -Data? at 



3Di22)2 + (D222 - 3Dn2)2 



lim — F ^ 



(3.60) 



It remains to compute the quantity hme_j.o [e~'^ A [lij^] ] ■ This can be done either via 
a brute-force approach using the explicit expressions for the discriminant derived in [31] 
or via a perturbative expansion for the eigenvectors of /f^^. In either way, one finds for 
the leading order result in e 



A' 



^fe] =e'-JiC, + C2\'detg' + 0{e'), 



(3.61) 



which gives 



n^(^, 



243 e^^x 



A[d. 



ijk\ 



128 det g<^ {Dui - ^0^22? + {D 



222 



3/^112)' ■ 



(3.62) 



Equation (3.62) is the three-dimensional generalization of the two-dimensional result Eq. 
(3.35). Unfortunately, it has less predictive power as it is only a statement about the 
product of a subset of the critical points of cj, though we know that this subset contains 
the global maximum. However, one important conclusion can be drawn, namely 



A [dijk] > 



UJ 



3 
2 



(3.63) 



one critical point of cj, providing that g > is satisfied. Note however that the 
converse does not necessarily hold: for negative A [dijk] either one or all critical points of 
cu on the left-hand side of Eq. (3.62) can be negative and the number of negative critical 
points may even vary on the moduli space. 

To verify Eq. (3.62) and to study the existence of a possible converse of Eq. (3.63) 
we performed a numerical study. Note that the discriminant A [dijk] can be written in 
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Figure 1: S — T-plane showing the metastabihty classification of lO'^ randomly generated 
heterotic string models. Note that there are no purely negative points. 

terms of the Aronhold invariants^ S[dijk\ and T[dijk\, well-known invariants of cubic 
polynomials in three dimensions of degree 4 and 6 in the tensor components respectively 
(see [36] for a modern exposition), as (see [31]) 

A [d,,u] = [di.i] - [d,,k] ■ (3.64) 

A numerical code has been used to randomly create sets of intersection numbers and to 
classify the resulting models as either purely positive, meaning that every physical point on 
the moduli space fulfills max^ u{i)) > or as partially positive, meaning that only a subset 
of the physical points allow for a positive u. In the generic case, 7^ 0, T 7^ 0, A 7^ 0, no 
model has been found which would qualify for a purely negative classification, i.e. which 
does not allow metastable de Sitter vacua at all. Plotting all generated models in the 
S — T-plane (see Fig. 1) shows the correctness of Eq. (3.63) and demonstrates that its 
converse does not hold: all models with A [dijk] < allow metastable de Sitter vacua at 
a proper subset of the moduli configurations satisfying the basic requirement g > 0. 

^In the literature, S is sometimes defined with an additional factor of | . 
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3.4 Higher-dimensional moduli spaces 



The result in the last section can in principle be generalized to arbitrary p; the explicit 
calculations however become quite involved and have not yet been carried out completely. 
In this section we briefly sketch the steps required for a generalization of Eq. (3.62) and 
anticipate the final result. 

In the three-dimensional case, we found three families of tensorial eigenvalues: One 
eigenvalue Ai = — | corresponding to an eigenvector in direction, nine eigenvalues 
corresponding to critical points of u via Eq. (3.30) and two eigenvalues introduced by the 
regularization in Eq. (3.53). The same families exist in the general case: We have one 
eigenvalue Ai = — | with an eigenvector in direction, 3gc = 3 (2^~^ — 1) eigenvalues 
corresponding to the critical points of u in Eq. (3.15) via Eq. (3.30) and = (p— 3)2p~^+2 
eigenvalues introduced by the regularization of the right-hand side. In total the number of 
eigenvalues is equal to the degree of the discriminant p ■ 2*^"^, see Eq. (3.22). In complete 
analogy to the three-dimensional case one can derive a product formula for the values of 
u evaluated at a subset of its critical points. It reads 

J]a;(#,)=Ap A[e%fc], (3.65) 

where "dj denotes the solutions of Eq. (3.15) and Ap is a function which has not been 
calculated yet. It is defined by 



A, -I 



lim — F =r 



n /^7'' (3-66) 

j=2+3qc 



where the product in the last factor contains all eigenvalues introduced by the regulariza- 
tion via Xj = efij (cf. Eq. (3.57)). 

Ref. [33] contains a partial argument why Ap > should hold. Pending the completion 
of that argument, we can again draw the conclusion that 

A [dijk] > => max a; > (3.67) 

holds in every physical region of the moduli space. 



4 Explicit examples 

Using the machinery developed above, we now study three important classes of examples 
in more detail. 
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4.1 Perturbations around zero eigenvalues 



The eigenvalue problem Eq. (3.17) is in general difficult to solve explicitly. Often feasible 
however is the determination of zero eigenvectors, i.e. solving the problem for A = 0, 
which exist if and only if the discriminant of e^dijk vanishes. In this case, u vanishes at 
the corresponding critical point and it may be of interest to take subleading contributions 
to the intersection tensor into account. 



Let Vq denote a zero eigenvector: 

e^dijkvlv^ = 0. 

We now determine the solutions of the perturbed problem in which 
to leading order in the small parameter e. Plugging the ansatz 



f + ev 



X 



into the eigenvector equations (3.17) and multiplying with Vq we find'^ 



/i 



Expanding Eq. (3.50) in e, we obtain 



D 



NNN 



ijk 



and thus for the corresponding u 



uj — -1 + -^Dnnn 



As an example, we consider p = 3 and the simple factorizing volume 
This model has three vanishing eigenvalues with eigenvectors 













/o\ 







, wi = 


1 

















W 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(4.^ 



■^For simplicity, we assume that the zero eigenspace (or rather zero eigenvariety) is locally one- 
dimensional. If this is not the case, the zero eigenvector Vq is fixed by the condition that the linear 
system of equations specifying v\ has a solution. 
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and oj therefore vanishes at the corresponding critical points: 

= w(t92) = ^(^93) = 0. (4.9) 
If we perturb the model as in Eq. (4.2), we can use Eq. (4.4) and Eq. (4.6) to obtain 

/a\ Cm C222 X C333 /A -in\ 

(^(vi) = — e -e— , ^(^2) = — e , (^{^3) = —e -e— . (4.10) 



4.2 Diagonal intersection numbers for p = 3 

The next case we are going to study are p = 3-dimensional models with purely diagonal 
intersection numbers, i.e. dm 7^ and all other dijk vanish. 

In this case Vij = didjV is diagonal and it holds 

1 



det^ = --e^''duid222d333K'K^K\ 
We choose orthonormal basis vectors orthogonal to by 

1 1^^^^ 

4 ~ 



(4.11) 



'C- 



12 



\ / 



(4.12) 



and 



det g 



nik, 



where C12 is a normalization constant given by 



C12 = -e'''duid222K'K^ {diuiK'f + d222{K^f) • 



(4.13) 



(4.14) 



With these choices we have -D122 = 0. If A^* is parameterized as in Eq. (3.42), the critical 
points of Dnnn are given by the solutions of 

1 d 



3d^ 



Dnnn = — cos^ sint^Diii + (cos^ — 2 cos i!) sin^ i!)) D112 

+ (2 cos^ 7? sin 7? - sin^i?) ^122 + cos ^9 sin^ ^9^222 = 0. (4.15) 

For vanishing D122, one solution is given hj 'd = 7r/2, i.e. u has a critical point at = n^- 
It can be checked by a direct calculation that choosing n\ different from Eq. (4.12) as 

/ \ . / A^3 \ 

or (4.16) 
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K3 
\-K2J 



'C 



13 
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also results in -D122 = and therefore gives the other two critical points of uj. In total, we 
find 



-9e- 



-2K 



^""43^%^^^>0 (4.17) 



C12 det 



6 dc 



{K^fd222[diii{K^f + d,,,{K^f] 32 



'-222" 



> (4.18) 



{K^fd,,,[d222{K^f + d,,,{K^f] 32 C2,deig^ • I - J 



At all three critical points uj is always positive as long as g > Q holds. 



4.3 Partially factorizing models for j9 = 3 

Another p = 3-dimensional example which can be treated in more detail is given by a 
volume factorizing as 



V 



1 

6^ 



diK'djkK^K^, 



(4.20) 



where di is a vector and djk is a symmetric non-degenerated matrix, dij^ = di^idj^^ has 
two vanishing tensorial eigenvalues and by Eq. (3.50) u therefore has to vanish at two of 
its critical points: 



To make this more explicit, we can choose coordinates such that 



(4.21) 



di 



(dA 





(4.22) 



Then the corresponding zero eigenvectors are easily computed to be 



v±=C^ 



( 



\ 







-(^23 ± \/ C?23 — '^22'^, 
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(4.23) 



where C± are normalization constants. 



We now derive an expression for uj{d-i) which depends only on the scalar product of 
and f_. For this, choose C± such that v± satisfies gijV^^v^^ = 1. Note that v± are unit 
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vectors only if they are real, because their norm is given by y QijV^^v-!^. Then it holds (due 
to being zero eigenvectors of dij^) that 

1 = gtjvivi = e"" d^juviviK^ + {viKif = {viKif . (4.24) 

This implies (possibly after changing the orientation) that 

vI = \k^ + ^-v^^, (4.25) 

where u± are normalized vectors orthogonal to K^. According to Eq. (3.27) the vectors 
u± are the extremizers of u corresponding to the critical points in Eq. (4.21). Now we 
make the ansatz 

= aK' + PvX + -ivl (4.26) 
for the eigenvalue problem Eq. (3.17). Plugging into the eigenvector equations gives 

- 2a^Ki + 2ae^dijkK^ {/Svl + -fvt) + 2P^e^ dijkv{vt 

^ A (3.=A^ + 2a., (^/f, + ...) + 2.. (^A'. + ._,) + + \k. 

+7' Q^^-. + \K}j + ^/37 {VK^ + v+i + V.,) ^ , (4.27) 
where we defined 

r/ := gijv\vL (4.28) 
By multiplying with K\ v\ and v\ we obtain the system of equations 

- Qa^ - 4a (/3 + 7) + 2/^7 (r^ - 1) 

= A (^a" + 6a (/3 + 7) + ^ + 7') + ^/37 (2 + 37^)^ (4.29) 

- 2a2 + 2a7 (r/ - 1) 

= A (^a" + y a/3 + ^a7 (2 + 3r?) + /^^ + 1^ + 2/3) (277 + 1)^ (4.30) 

- 2a^ + 2a;9 (r/ - 1) 

= A Ua^ + y a7 + ^a/3 (2 + 37^) + 7' + (/3 + 27) (2r7 + 1)") . (4.31) 
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This system has a solution with a (potentially) real A, where /3 = 7 and a and A are given 
by relatively complicated expressions. Fortunately, the lo corresponding to this eigenvalue 
simplifies considerably and is given by 

Because v'^jjii = 1 it always holds that 77 > —1/3 and therefore 

u^-d^) > ^ < 0. (4.33) 

We can now compute r] = gijV\vL for v± defined in Eq. (4.23) and then use Eq. (4.32) to 
obtain 

^(^3) = ^e^^ (rfi33t/i22 - rfD' det di^^^^^. (4.34) 

The quantity 4((ii33(ii22 — '^123)^ turns out to be the first Aronhold invariant S = S [dijk], 
the degree-4 invariant of cubic polynomials in three dimensions we used at the end of Sec- 
tion 3.3.1 to express the discriminant A [dijk] in terms of simpler invariants. By performing 
arbitrary rotations to eliminate the restriction in Eq. (4.22) and using the invariance of 
S, det g and det dij under these rotations, it follows that the general formula has to be 

^(^3) = ^e^''^ [d,,k] det d^J^-J^. (4.35) 

Since in the special coordinate system considered above S can be written as the square 
of a real number, it has to be positive in this class of models. Using 

e"^ = V = -^diK'djkK^K'', (4.36) 



it follows that 

.2 



-(tf 3) = - |e-S <|!^ . (4.37) 



In particular, if dij is positive or negative definite, the factor ^'^'^tfi-k is always positive 

jk 

and u is negative. If d^j is indefinite, the sign of this factor constitutes a simple and direct 
constraint on the allowed values oi = — (t^ + j . 
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5 Conclusion 



In this paper we studied constraints on moduli spaces of heterotic string compactifications 
imposed by the required existence of metastable classical de Sitter vacua, assuming that 
only moduli fields participate in supersymmetry breaking. We concentrated on three- 
dimensional moduli spaces and gave the generalization of the two-dimensional result Eq. 
(3.35), which was first derived in [23], in Eq. (3.62). This equation encodes a rather non- 
trivial result: If the sign of a degree-12 invariant - the discriminant - of the Calabi-Yau 
intersection tensor is positive, the metastability condition is automatically satisfied on 
all physically acceptable points on the moduli space. Numerical studies suggest that if 
the discriminant is negative, metastable de Sitter vacua still exist in the generic case, 
but only for a restricted set of moduli configurations. As briefly discussed in section 3.4, 
generalizations of Eq. (3.62) seem to exist for arbitrary-dimensional moduli spaces, raising 
the question of the existence of a more intuitive interpretation of the discriminant. 

We also studied specific examples of three-dimensional moduli spaces. For moduli 
spaces with dimension p > 2, the metastability analysis is difficult to carry out explicitly 
and the result in general depends on non-topological properties of the Calabi-Yau, in this 
case its Kahler structure (cf. Eq. (4.10) and Eq. (4.37) and the numerical result in Fig. 



This complication already appears in the three-dimensional case. While the reduction 
of the problem from Eq. (3.5) to Eq. (3.47) essentially reduces the problem to the task of 
solving a cubic polynomial, the extraction of meaningful results has not yet been successful 
in the general case. On the other hand, the class of Calabi-Yaus studied in Section 4.3 
constitutes a promising candidate for further studies: It naturally generahzes the class of 
factorizable models, i.e. models with a volume of the form 



where a, b run from 2 to p, while not suffering from the fact that factorizable models do not 
allow metastable de Sitter vacua without invoking higher-order corrections or additional 
tree-level contributions [23]. 
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A The complex phase 



In this appendix we demonstrate that for p = 3-dimensional moduh spaces of heterotic 
string models the phases ipi and ip2 in Eq. (3.5) can safely be set to zero in the metastability 
analysis. To see this, we parameterize as in Eq. (3.3) and write uj as 

3 3 3 

UJ = -- + -c\Ciiii + -C2C2222 + 6 (C1C2C1112 + C1C2C1222) COs((y9i - V?2) 

+ c\cl [Cu22 + 5C1212 + (2^1122 + C1212) cos(2^i - 2^2)] , (A.l) 

where 

0=1 

By swapping the sign of ci, the term c\c2Ciii2 + C1C2C1222 can always be made a positive 
contribution to w, which is maximal if '^i—'^2 = 0. The term proportional to 2C1122+C1212 
can potentially give a negative contribution, which can be reduced (or even turned to a 
positive one) if the complex phases do not vanish. Hence, we find that the global maximum 
of u in the three-dimensional case p = 3 can only have a non- vanishing (non-global) phase 
(pi - (p2 if 

2 2 2 

2C'ii22 + C*1212 = 77 + -^112 ~^ -^122 ~^ 2Z)iiiZ)i22 + 2Z)ii2-D222 < 0. (^-3) 
O 

The quantity -D122 changes sign if the vectors n\ and n\ are rotated into each other by vr, 
implying that we can choose a basis n\, rig such that -D122 = 0. In this basis, Eq. (A.3) 
reads 

^ + Dl^2 + 2/^112/^222 < 0. (A.4) 
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This is only fulfilled if 



-D222 - y Dj^^ - ^ < Dn2 < -D222 + y Dl^2 - I (A.5) 
In particular, it has to hold that 

^222 > I, (A.6) 

implying that uj{ci = 0, C2 = 1, = 0) > 0. Thus, if the global maximum of u is attained 
at v^i — V52 7^ 0, there will always be another critical point of u with y^i — ^92 = at which 
CO is still positive. Finally, a global phase (pi = ^2 always drops out of proving the 
claim. 
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B Discarding the fourth critical point 



After restricting to p = 3 and setting the complex phases to zero, we found four critical 
points of w as a function of ^9. We now show that, as has been claimed in Section 3.3, that 
one of these, namely the one given by Eq. (3.46), can be discarded a priori in the search 
for the global maximum of uj. As in the last section, we use the freedom in choosing n\ 
and n2 to set D122 = 0. Then by explicitly solving Eq. (3.46) for the critical point = 'd^ 
and plugging the result back into u we find 

/Q\ 1 I 2 rn2 /' q N I n2 I Q \\ 1 I 3-Dii2 (-D112 + -0222)^ + -Dfil£)222 
^(■^4) = -l + - [/^iViV7v(^4) + ^iV7VAf(^4)J = -1 + — — — 72 • 

(B.l) 



To prove that this can never constitute the global maximum of w, we have to show that 
max Dl^M > ^n2iDu2 + D222f + Dl Dj, 



where 

Dnnn = cos i^-Diii + 3 cos -i^sin ^Du2 + sin^ ^D222. (B.3) 

We abbreviate x = tan-i?, A = Z^iii/Z^ii2 and fi = -D222/-Dii2- If > 1, setting ^ = 7t/2 
shows the claim. If |A| > 1, we can set = and are done. Let us thus assume that 
|A| < 1 and < 1. Then 

-P112 (-P112 + -0222)^ + -P111-P222 _ n2 I -Pill (-P222 ~ -P112) ^ n2 A\ 
n2 , , n \2 —-^112+ „2 , , n ^2 ^-^112 {^■^) 

Dfll + {Du2 + D222) ^111 + (^112 + ^222) 

and the claim follows if there is an x such that 

—^—,{\ + ^x + iix^f>l. (B.5) 
(1 + x^) 

An extremum in x of the left-hand side of Eq. (B.5) must satisfy 

\ + ?,xq + iixl = {I + xl) + ^lx^ . (B.6) 

This equation is in fact only quadratic in xq and is solved by 

-A± v/A^-4^ + 8 

= — w^) — • ^ 
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Taking the '+' solution if A > and the ' — ' solution if A < we see that (by concavity 
of the square root) 

xl < (B.8) 



SO 



1 + x5 3 - /i 

The next step is to show that (^-^ + /^a^oj grows monotonically for < A < 1. This can 
be seen from 



because 



^Xq J , ^ -ll<0 (B.ll) 

dX 2(2 -/i) Vv^A^T^ ' 



with = 8 - ifi > and 



-\ + <2fi-2 <0. (B.12) 



Xq 



This finally gives for < A < 1 

1 /X , o , 3\2 {B.6) 1 / 1 



[1 + 4? 



(A + 3xo + /UXq)^ ^=^^ — f — + /iXo I (B.13) 

1 + x5 Va^o / 

(B.9)2-u/l \^ ^ , 

> 7^ -+/ia;o (B.14) 



3 — yU \xo 

> 2-^ + 2/i + -^ B.15 

3 — 2 — /i/ 

4 

> 1. (B.16) 



3 — /i 

The calculation for A < is analogous. Alternatively, the claim follows by substituting 
X — > —X in Eq. (B.5). 
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